We report an integrated all-optical radio frequency spectrum analyzer based on a ~4cm long doped silica glass waveguide, with a bandwidth greater than 2.5 THz. We use this device to characterize the intensity power spectrum of ultrahigh repetition rate mode-locked lasers at repetition rates up to 400 GHz, and observe dynamic noise related behavior not observable with other techniques. 
Introduction
The growing demand for ultra-fast data transmission and processing is creating a need for devices that function well beyond the speed of electronics. Photonics offers the capability of generating and measuring ultrashort optical pulses with bandwidths of several THz and at repetition rates of 100's of GHz. Performing temporal diagnostics at these speeds is extremely difficult and yet essential to achieve high optical signal fidelity of fundamental noise parameters such as time jitter and amplitude noise, critical for obtaining the maximum performance of many devices such as high frequency -clock optical modules [1, 2] .
The radio frequency (RF) spectrum (or power spectrum) of an optical signal with intensity I(t) is the power spectral density of the autocorrelation of the optical intensity: P
(ω)∝ ʃ [I(t)⊗ I(t)]exp(iωt)dt;
where ω is the angular frequency. Through the direct analysis of the RF spectrum, it is possible to perform a full characterization of several fundamental noise parameters typical of optical waveforms, such as the intensity and pulsewidth fluctuations, the repetition rate, the cavity length mismatch, the time jitter, and more [3] .
The traditional way of retrieving the RF spectrum consists of recording the temporal intensity profile by way of an ultra-fast photo detector and then processing this signal either numerically or using electronic circuitry in a double-conversion super-heterodyne scheme [4] . The electronic components limit the bandwidth of this approach to around 100 GHz [5] .
Although RF spectrum analysis is broadly used to characterize mode-locked lasers, its limited bandwidth has precluded its use with ultra-high high repetition rate lasers.
Nonlinear integrated photonics has recently provided powerful all-optical tools to overcome the speed limitation of electronics [6] [7] [8] [9] [10] [11] . A key breakthrough was the scheme for an all-optical RF-spectrum analyzer, introduced by Dorrer and Maywar [12] that exploits optical mixing between a signal under test and a CW probe, via the Kerr (n 2 ) nonlinearity in highly nonlinear fibers or integrated waveguides. In this approach, a single measurement of the optical spectrum S(ω) ∝ ʃ [E(t)⊗ E(t)]exp(iωt)dt around the CW probe, performed by an optical spectrum analyzer (OSA), yields the intensity power spectrum of the signal under test -
P(ω) ∝ ʃ [I(t)⊗ I(t)] exp(iωt)dt.
This strategy can achieve much broader bandwidths than electronic methods, with an intrinsic trade-off between sensitivity and bandwidth, or equivalently between the nonlinear response and total dispersion of the waveguide [13] . For example, increasing the nonlinear device length enhances the nonlinear response, or sensitivity, but results in an increased dispersion that reduces the frequency response. For this reason, an optical integration platform with high nonlinearity and low net dispersion (waveguide plus material) is highly desirable, in order to have the best overall performance in sensitivity and bandwidth.
The first demonstration of an integrated all-optical RF spectrum analyzer [13] was achieved in dispersion engineered chalcogenide waveguides, which provided the required nonlinear response in only a few centimeters of length. This was followed by the first demonstration of an RF spectrum analyzer in a CMOS compatible platform based on a silicon nanowire [14] . While this device achieved comparable performance to that reported in [13] , with a much shorter device length, it was nonetheless limited in bandwidth by a relatively high dispersion and refrained in overall performance by saturation and free carrier effects [15] .
Here, we report an integrated nonlinear RF spectrum analyzer that overcome the constrains above and combines all of the key requirements for practical operation, including high waveguide nonlinearity, optimized dispersion, extremely low linear and negligible nonlinear loss (in the telecom band), while offering CMOS compatibility [16] .
We use this device to measure the RF spectrum of a micro-resonator based modelocked laser [17] emitting sub-ps pulses at repetition rates of 200 GHz and 400 GHz. The RF spectra obtained in this manner allows us to analyze these lasers according to the noise burst model, which identifies very rapid intensity fluctuations of the laser pulses as the main source of noise [18, 19] . The RF spectra for both lasers show sensitivity to high frequency noise not detectable by other methods and it is of fundamental use to characterize a source that shows great potential especially for applications in the quantum communications domain [20] .
Principle of operation
The operating principle of an all-optical RF spectrum analyzer is shown in Fig. 1 . A CW source is combined with a signal under test and then directed into a nonlinear medium, the output of which is analyzed by an optical spectrum analyzer. The general concept of the technique is based on the cross phase modulation (XPM) experienced by the weak monochromatic probe (CW) due to the intensity variation of the signal, centered at an optical frequency ω 0 . Fig. 1 . General schematic of the nonlinear RF spectrum analyzer. The pulsed signal under test is combined with a CW laser and they interact in a nonlinear medium, in this case a 4cm-long doped silica-glass spiral waveguide. The signal after the nonlinear interaction is detected using a standard optical spectrum analyzer (OSA).
The CW probe beam, represented by an electric field E CW (t) = E 0 exp(-iω 0 t), propagates inside the χ (3) nonlinear waveguide along with the signal under test. The signal induces XPM in the phase of the CW probe in proportion to its intensity I s (t). If this modulation is small, it is easy to show [12] that the CW field
t at the output of the waveguide is simply:
Where α is a constant proportional to the waveguide nonlinearity and length. The optical spectrum ( )
thus obtaining:
where P S (ω) is the intensity power spectrum, i.e. the Fourier transform of the autocorrelation of the optical intensity I s (t). The optical spectrum, S CW out (ω), at the output of the nonlinear waveguide can be written as the sum of Dirac delta functions (the original spectrum of the CW probe) and a term which is proportional to the RF spectrum of the signal (P S (ω)), both of which are centered at ω 0 .
Our device is based on a ~4cm long spiral nonlinear waveguide (cross section 1.5x1.45μm 2 ) [21] [22] [23] . The waveguides were deposited by plasma enhanced chemical vapour deposition (PECVD) and the device patterning and fabrication were performed via stepper mask photolithography and reactive ion etching to produce exceptionally low sidewall roughness. The final fabrication step consists of over-coating the core device with a silica glass upper cladding. No post-processing annealing was required in order to obtain the ultralow losses possessed by our waveguide (0.06dB/cm). The materials and processes involved are CMOS compatible, although this does not address some of the complexities of integrating photonic and electronic devices on the same chip. This issue is discussed in some detail in [24] .
Frequency response
The bandwidth of an RF spectrum analyzer is probably its most important characteristic, and since the bandwidth of all-optical RF spectrum analyzers is limited only by the frequency response of the nonlinear interaction [12] , they operate at frequencies far beyond the capability of electronics. Hence they must be characterized all-optically, and the most common approach is an optical heterodyne method where two CW waves are beat together to generate an RF tone at the difference frequency. The two CW probes are centered at ω S ± = ω S 0 ± Δω S /2 (where Δω S is the frequency difference between the two probes and ω S 0 is the signal central frequency), and when interfered with each other, they generate an RF beat frequency tone at Δω S . The resulting modulated beam then induces XPM on the CW probe beam, with sidebands at ω 0 ± given by:
The 3dB bandwidth of the device is then determined by measuring the XPM induced peak on the probe beam as the beat frequency of the signal is swept. A critical quantity is the difference in phase velocity, or propagation constants (β(ω)), of the different beams in the nonlinear waveguide:
( )
where β (1) and β (2) represent the first-and second-order derivative, respectively. The RF bandwidth of the device is limited by the group velocity "walk-off", or mismatch, between the signal and the CW probe, which degrades the efficiency of the XPM process. Thus, minimizing dispersion directly increases the bandwidth. Remarkably, the device we report here has very low dispersion in the C-band [22] . Figure 2 shows the experimental setup for measuring the frequency response of the device. Two tunable narrow-linewidth lasers, labeled CW-1 and CW-2, offset in frequency, were combined together to generate the signal while a third laser (CW-3) acted as a probe beam. Amplifiers were used to compensate for optical loss (largely from the couplers), while polarization controllers ensured the same polarization (TM) for all three CW beams coupled into the waveguide. Fig. 2 . Experimental setup for measuring the frequency response bandwidth of the all-optical RF spectrum analyzer. Four polarization controllers ensure the same polarization (TM) for all the three CW signals coupled into the doped silica glass waveguide. The use of a band-pass filter was necessary to filter out the noise generated by one of the two amplifiers. The overall power at the waveguide input was constantly monitored by a power meter while the optical spectra were recorded by an OSA.
A band-pass filter reduced the amplified stimulated emission (ASE) noise from the probe amplifier. The power at the waveguide input was monitored by a power meter while the optical spectra were recorded by an OSA. The measurements [ Fig. 3(a) ] were done by fixing the wavelengths of two of the three lasers -CW-1 at λ 1 ≈1550nm and CW-3 at λ 3 ≈1590nm, respectively. In order to vary the frequency of the RF tone we swept λ 2 (CW-2) between λ 1 and λ 3 , while recording the optical spectrum over a broad wavelength range around λ 3 . The nonlinear waveguide generated a new peak via XPM between the modulated signal and probe, at a wavelength λ 4 > λ 3 [see inset Fig. 3(a) ], approximately equidistant from λ 3 as λ 2 is from λ 1 (the spacing is identical in frequency -see Eqs. (4) and (5)).
The amplitude of the peak at λ 4 diminishes as λ 2 is tuned away from λ 1 since this increases the frequency of the RF tone, making it more susceptible to dispersion induced walk-off delay between the signal and the probe. The experimentally measured bandwidth -i.e. the 3dB reduction in the peak power of λ 4 (1st RF component) -is limited by the intrinsic device bandwidth of the nonlinear process, including the walk-off effects previously discussed, and/or by experimental limitations due to spurious nonlinear effects or ASE noise from the erbium doped fiber amplifiers (EDFAs) (particularly the high power EDFA used for CW-3). In our case the measurements were also limited by the operation bandwidth (C-band) of our lasers and amplifiers.
The results are shown in Fig. 3(b) , where the normalized peak power at λ 4 is plotted as a function of the detuning between λ 1 and λ 2 . Data fitting was performed by using a sigmoid function with a root mean square of the error (Standard Deviation) equal to zero up to the second digit after the decimal point, while the average error bar [ Fig. 3(b) ] is < 2%. As expected, λ 4 precisely tracked the wavelength detuning between λ 1 and λ 2 , and we measured a 3dB bandwidth (f 3dB ) of about 20nm, corresponding to 2.5THz. We believe that this value was primarily limited not by the intrinsic response of the device, since simple estimates of this yield very high bandwidths (see below), but by our experimental measurement capability. One limiting factor in our measurements was the onset of unwanted four-wave mixing (FWM) processes such as the semi-degenerate FWM between λ 2 and λ 3 that was unavoidable due to the limited tuning range (C-band) of our lasers. As the detuning between λ 1 and λ 2 was increased, λ 2 approached λ 3 , enhancing new and unwanted phasematched processes not related to the signal RF spectrum. Near the 3dB limit of the device bandwidth, these spurious nonlinear processes (competing with the XPM between signal and probe) can produce spectral components inside the frequency band of the RF spectrum that can deteriorate the RF analysis (since they could be misinterpreted as legitimate RF components of the original signal). Fig. 3 . Bandwidth measurement of our RF spectrum analyzer. a) Power spectral density for λ 1 ↔λ 2 = 20nm. In the inset we zoom on the idler peak. b) Normalized idler peak power as a function of the frequency detuning between signal 1 and 2. The green circle indicates that for a detuning exceeding 2.5 THz spurious nonlinear components start being visible.
In our case, the bandwidth of our measurement capability could be in principle increased by reducing (or even eliminating) these spurious components. This could be achieved by shifting both CW lasers used to generate the signal well out of the C-band. However, not only this was beyond the capability of our C-band components, it would in fact have decreased the intrinsic bandwidth of the device (see below) by increasing the signal/probe walk-off.
The data point highlighted by the green circle (at Δf ~2.7 THz in Fig. 3(b) ) corresponds to the point where spurious nonlinear processes start becoming visible, and this also coincides with the 3dB bandwidth of the device. In turn, this leads us to believe that this bandwidth is experimentally measurement-limited and that the intrinsic device bandwidth is probably significantly higher. This conclusion is supported by the fact that our intrinsic device bandwidth obtained from a simple theoretical estimate [13] based primarily on signal/probe walk-off yields Δf Max = 130.2THz (see Section 6) -a significantly high value that arises from the very low dispersion in our device. While we expect that this could possibly be reduced by higher order dispersion or other effects not taken into account, we nonetheless believe that the intrinsic response of our device is likely much higher than the experimentally measured f 3dB = 2.5THz -possibly on the order of 10's of THz. This would result in an unprecedented bandwidth and render it suitable for a wide range of new applications such as monitoring of extremely high bandwidth super-channels [25] .
Characterization of an ultrahigh repetition rate mode-locked laser
A periodic pulsed source, such as a mode locked laser with a slowly varying envelope F(ω) with pulse duration t p at a repetition rate of T, has a spectral bandwidth inversely proportional to t p . For a non-ideal laser affected by amplitude noise and time jitter, the RF spectrum
where the slowly varying envelope F(ω) is "sampled" in frequency by a train of Dirac delta functions arising from the train of perfect noise-free pulses. The other terms account for the non-ideality of the signal: P k A (ω) and P k J (ω) are the power spectra related to the amplitude noise and random temporal jitter, respectively. A typical experimental RF power spectrum looks like that shown in Fig. 4 , where one can identify many of the fundamental parameters introduced in Eq. (8): Fig. 4 . Typical RF spectrum P S (ω) of a non-ideal mode-locked laser source affected by amplitude noise and time jitter. All the standard parameters evaluated from the RF spectrum, e.g. transform-limited duration of the optical pulse (t p ), repetition rate of the source (1/T), reciprocal of the cavity round trip time (1/T'), noise band of random fluctuations in the pulse train (1/t BN ), and the reciprocal of the duration of such a fluctuations (1/t N ), are also indicated. i) the reciprocal of the time duration of the optical pulses (1/t p ); ii) the repetition rate of the source (1/T); iii) the reciprocal of the cavity round trip time (1/T') -fundamental to evaluate the cavity length mismatch; iv) the noise band of random fluctuations in the pulse train (1/t BN ); and v) the reciprocal of the duration of these fluctuations (1/t N ).
An RF spectrum such as that shown in Fig. 4 , where 1/t N >>1/t p , describes the source according to the noise burst model [18, 19] where the main source of noise comes from very fast and random fluctuations in the laser intensity. The ability of all-optical RF spectrum analyzers to measure RF spectra over bandwidths of several terahertz is an unprecedented and powerful tool to characterize these extremely fast, short pulsed mode-locked lasers. It will enable fundamental improvements and effective control over future ultra-fast and highrepetition rate optical pulse sources.
We used our all-optical RF spectrum analyzer to characterize a 200GHz mode-locked filter-driven four-wave mixing laser [17, 21] . This architecture was proposed in order to achieve extremely stable operation at high repetition rates, while maintaining very narrow linewidths for the frequency components. The system is based on a nonlinear monolithic high-Q (quality) factor resonator, which acts as both a linear filter and a nonlinear element. The resonator is embedded in a main fiber cavity loop that contains an erbium-doped fiber amplifier (EDFA) in order to provide gain, as well as a band pass filter and polarization controller. The laser emitted 730fs pulses at a repetition rate of 200 GHz, set by the free spectral range (FSR) of the micro-cavity.
While in [17] both stable and unstable operations were reported, here we used only the unstable configuration, whose internal layout is shown in the inset of Fig. 5 . This design is characterized by a higher phase and amplitude noise, as well as by the cavity length mismatch. Cavity length mismatch noise is typical of mode-locked lasers that employ a double cavity scheme [3] , where noise affects the two cavities involved differently, resulting in a frequency off-set between the maxima of the rapidly varying functions (P k A (ω) and P k J (ω)) previously defined. The unstable configuration of our laser, where a large number of modes of the main cavity oscillate inside each resonator line, exhibits frequency offsets between the various peaks in the RF spectrum. In the present work we also studied a modified version of the mode-locked laser that operates at 400 GHz, achieved by introducing a −30dB notch filter (0.8nm/100GHz bandwidth -shown in white in Fig. 5 ) in the main cavity loop, centered at λ = 1556.15 nm, corresponding to the central frequency of the ring comb. Fig. 5 . Experimental setup for measuring the RF spectrum of the modelocked lasers. The source under investigation is a mode-locked filter-driven four-wave mixing laser (grey inset with dashed contours). A CW laser source was first amplified and filtered then properly polarized (TM) before being sent into a 50:50 fiber coupler (top arm). On the second arm (bottom) a mode-locked laser generated a train of optical pulses that served as the signal under test. The signal was TM-polarized before being coupled into the second arm of the fiber coupler. The two outputs of the fiber coupler were directed to the 4cm-long doped silica glass waveguide and a power meter, respectively. Finally, the optical spectrum at the output of the waveguide was recorded by an OSA.
In this way, we effectively doubled the FSR of the system, forcing the laser to oscillate at 400 GHz. The experimental setup [ Fig. 5 ] consists of two components -the modelocked laser to be studied and the RF spectrum analyzer. The CW probe for the spectrum analyzer was amplified by an EDFA and then filtered by a band-pass filter to remove ASE noise. The amplified beam was then passed through a polarization controller set to TM polarization, followed by a 50:50 fiber coupler. In the other arm, the modelocked laser was also passed through a polarization controller to match the polarization of the CW probe, and then combined with the probe in a 50:50 fiber coupler. One output of the coupler served as a reference and the other was directed to the nonlinear waveguide. The total optical power at the waveguide input was 150mW, of which 100mW was from the signal and 50mW from the CW probe. The power spectrum at the output of the integrated device was then recorded by an OSA.
In order to maximize the bandwidth of the RF spectrum analyzer, it is optimal for the signal and probe wavelengths to be symmetrically located with respect to the zero dispersion wavelength (frequency) of the waveguide [12] , which in our case is near 1560 nm for the TM modes [22] . For this reason, the modelocked laser (signal) was tuned around λ s = 1550nm, while the probe was located at λ 0 = 1570nm.
Results
The optical spectra for both the 200 GHz and the 400 GHz lasers are shown in Fig. 6 , where only the right halves of the spectra centered around the probe frequency are shown for clarity. In fact, the RF spectrum can be obtained from only one half of the optical spectrum since a component of the RF spectrum at frequency Ω occurs in the optical spectrum at both λ 0 + Ω and λ 0 -Ω. In principle, the other half can be used to improve precision or signal to noise through numerical averaging. The repetition rate is immediately evident in Fig. 6 from the spacing of the different frequency components.
A high-resolution RF spectrum reveals an asymmetric "bump" [magenta arrow, Fig. 6 , inset] that we assume to be related to the cavity length mismatch. We also believe that this distortion in the peaks arises from noise that is typical of mode-locked lasers that employ a double cavity scheme, such as the one used here [3] . In fact, since the oscillating modes in these lasers must match resonant conditions in both cavities (main loop and micro-resonator) simultaneously. The significantly different environmental and structural nature of the two cavities (micro-resonator versus main cavity) results in widely differing random variations in terms of effective lengths, or between 1/T and 1/T'. This manifests in the RF spectrum as a frequency offset between the maxima of the rapidly varying function shown in Fig. 4 . In our case, this feature became visible in the first two peaks of the RF spectrum for the 200 GHz signal but only for one peak for the 400 GHz signal. However, because of the limited resolution of the OSA at our disposal (10 pm, 1.25 GHz) and the limited number of RF spectral lines (i.e. the "bump" is apparent only in one peak for the signal at 400GHz and in two for the signal at 200GHz), the conclusion that the "bumps" are due to cavity-length mismatch is rather speculative in nature.
In order to determine the source of this noise more conclusively, a higher resolution OSA would be needed. OSAs with a resolution of 40 fm (5 MHz) (APEX Tech.) are commercially available, while experimental approaches based on stimulated Brillouin scattering (SBS) amplification, for example, can achieve a resolution of a few tens of MHz [26, 27] .
From the RF spectrum of the signal at 200GHz, we roughly estimate the minimal time duration of laser pulses to be ≈840fs -only 15% larger than that measured via autocorrelation. As evident from the RF spectrum of the 400 GHz signal, we also detected a 100 GHz noise component (undetectable in the optical spectrum of the laser source), arising from the introduction of the 0.8nm (100GHz) notch filter. These noise peaks (marked 100 GHz and 300 GHz in Fig. 6 ) come from spurious resonances associated with the passive cavity created by introducing the filter. Note that we excluded the noise peak at 100 GHz to be due to other nonlinear effects, since it was not an exact integer sub-multiple of the 400 GHz peak (exactly measured at 404 GHz). The capability of detecting these subtle noise features is unique to alloptical RF spectrum analyzers and demonstrates the potential and utility of our device.
Discussion
There are two fundamental parameters that characterize the intrinsic device performance: the frequency response or bandwidth and the sensitivity. The first is determined largely by the signal/probe walk off which in turn is determined by the total waveguide dispersion, while the second is largely determined by the nonlinear efficiency of the device. Both of these depend on the device length and so this leads one to define a FOM for this device as proposed in [13] .
From Eq. (6) we have:
where Δφ is the phase mismatch and L is the propagation length inside the waveguide. From Eq. (9) (1) on λ and approximating to a Taylor series, which leads to:
where Δλ corresponds to the wavelength separation between the signal carrier and the CW seed. Combining Eq. (9) Equation (11) was presented in [13] and, as previously mentioned, predicts an extremely large intrinsic 3dB bandwidth of Δf Max = 130.2THz for our device, given the following parameters: Δλ = 20nm; D = 2.5ps·nm −1 ·Km −1 ; ∂D/∂λ| λs = −0.23ps·nm −2 ·Km −1 ; and waveguide length L WG = 4cm. Again, Eq. (11) is a simple theoretical estimate for Δf Max that would very likely be reduced by higher order dispersion terms and possibly other effects (not included). Nonetheless it is useful as a benchmark to compare the performance of various devices. Furthermore, the fact that the response of our device predicted by Eq. (11) is so much larger than what we measure experimentally suggests that it is likely that our actual device frequency response is also much larger than the measured response, even after proper corrections to Eq. (11) are included. If true, this would significantly make up for the lower nonlinearity of our device relative to chalcogenides or silicon [13, 14] . Another key advantage of our device is that it has negligible TPA (α (2) ) in the telecom band (even up to 25 GW/cm 2 [23] ), whereas chalcogenide glass, and silicon in particular [28, 29] , have much higher TPA and hence a much lower nonlinear FOM ( = n 2 /α (2) λ). Our device would therefore allow much higher probe powers, significantly increasing its sensitivity since XPM scales quadratically with power.
Conclusions
We report an ultra-broadband all-optical RF spectrum analyzer, based on a ~4 cm long waveguide, that exhibits a 3dB bandwidth greater than 2.5 THz. We believe that the actual device bandwidth is likely much higher than this, since simple theoretical estimates arising from walk-off yield a 3dB bandwidth of 130.2 THz. We use this device to characterize subpicosecond pulsed mode-locked lasers with repetition rates of up to 400 GHz, and uncover new noise related behavior not observable with other methods. Our CMOS-compatible device offers the promise of being a key tool for monitoring and characterizing ultra-high speed devices to be used in next generation photonic networks.
